二項方程式を満たす原始根の分布について (解析数論の展望と諸問題) by 竹内, 良平
Title二項方程式を満たす原始根の分布について (解析数論の展望と諸問題)
Author(s)竹内, 良平








( , Tokyo Metropolitan University)
1. Introduction
1.1 Main Problem
Artin , $a$ , $a$ -1
$a\mathrm{m}\mathrm{o}\mathrm{d} p$ $p$
. .
$a$ $\mathrm{m}\mathrm{o}\mathrm{d} p$ $\Leftrightarrow f(X)=X-a$ $\mathrm{m}\mathrm{o}\mathrm{d} p$
, $f(X)$ monic
.
Example 1) $f(X)=X^{2}-X-1$ ,
$p=11$ : $f(X)=(X-4)(X-8)$ , $\mathrm{F}_{11}^{\mathrm{x}}=\langle 8\mathrm{m}\mathrm{o}\mathrm{d} 11\rangle$
$p=19$ : $f(X)=(X-5)(X-15)$ , $\mathrm{F}_{19}^{\mathrm{x}}=\langle 15\mathrm{m}\mathrm{o}\mathrm{d} 19\rangle$
$p=29$ : $f(X)=(X-6)(X-24)$ , $\mathrm{x}$
$p=31$ : $f(X)=(X-13)(X-19)$ , $\mathrm{F}_{31}^{\mathrm{x}}=\langle 13\mathrm{m}\mathrm{o}\mathrm{d} 31\rangle$
$p=41$ : $f(X)=(X-7)(X-35)$ , $\mathrm{F}_{41}^{\mathrm{x}}=\langle 7\mathrm{m}\mathrm{o}\mathrm{d} 41\rangle,$ $\langle 35\mathrm{m}\mathrm{o}\mathrm{d} 41\rangle$
$p=59$ : $f(X)=(X-26)(X-34)$ , $\mathrm{F}_{59}^{\mathrm{x}}=\langle 34\mathrm{m}\mathrm{o}\mathrm{d} 59\rangle$
$p=61$ : $f(X)=(X-18)(X-44)$ , $\mathrm{F}_{61}^{\mathrm{x}}=\langle 18\mathrm{m}\mathrm{o}\mathrm{d} 61\rangle,$ $\langle 4.4\mathrm{m}\mathrm{o}\mathrm{d} 61\rangle$
, Artin
(R.Takeuchi[6]).
Notation 1. $f(X)\in \mathrm{I}\mathrm{r}\mathrm{r}(\mathcal{O})$ $:=$ { $g(X)\in \mathbb{Z}[X]|g(X)$ monic $\wedge$ } ,
$p$
$\mathcal{P}$ . ,
$\mathrm{S}\mathrm{p}1(f)$ $:=$ { $p\in P|f(X)\mathrm{m}\mathrm{o}\mathrm{d} p$ },
$N_{f}:=$ { $p\in \mathrm{S}\mathrm{p}1(f)|\exists a\in \mathrm{F}_{p}^{\mathrm{x}},$ $f(a)\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} p)\wedge a\mathrm{m}\mathrm{o}\mathrm{d} p$ }.
Example 1 , $f(X)\in \mathrm{I}\mathrm{r}\mathrm{r}(\mathcal{O})$ , $\mathrm{S}\mathrm{p}1(f)=\{p|p\equiv\pm 1(\mathrm{m}\mathrm{o}\mathrm{d} 5)\},$ $N_{f}=$




$-\underline{\ovalbox{\tt\small REJECT}\Xi \mathrm{R}\mathrm{E}^{1}}$Artin Pffl $N_{f}$ $l^{*}>\Leftrightarrow\beta \mathrm{E}\not\in \mathrm{A}\square$ $k$ $rx$ $6$ $\ovalbox{\tt\small REJECT}ff^{1}\mathrm{J}\%\ovalbox{\tt\small REJECT} \mathrm{H}\mathrm{R}\ovalbox{\tt\small REJECT}$ $\xi^{\backslash }*\not\in\tau*\mathrm{g}$ $\tau,$ $**\iota$ $\mathrm{b}$
$\overline{\iota \mathrm{x}}$Irr(O) $\emptyset\subset \mathrm{P}\mathrm{T}^{\backslash }\backslash ffi$’ \backslash \mathrm{E}$ $0$ $-C^{\backslash }\backslash 7\neq-\# T6$ . $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ $\mathrm{b}$ , f\geq k&\mbox{\boldmath $\theta$}\emptyset $f$ $\}^{-}.X\backslash \mathrm{f}$ $1_{\vee}^{-}C\dagger \mathrm{g}$ , $f(X)$ mod $p$
$\sigma)\mathrm{g};x$ $6$ $\deg$ $f$ $\Phi\emptyset 7\mathrm{B}\emptyset \mathrm{r}\mathrm{P}^{-}\mathrm{C}^{\theta}$ , ,$F_{\backslash }t_{\mathrm{p}}^{\mathrm{A}}\mathbb{R}$ $k$ $rx$ $6$ $\mathrm{b}$ $\emptyset\emptyset*1\tau\sqrt\not\in T6$ \ddagger $\dot{\mathcal{D}}$ $rx\ovalbox{\tt\small REJECT}\Re$ $p\in \mathrm{S}\mathrm{p}1(f)$
$l_{I\backslash \backslash \backslash }^{\grave{\grave{\}}}}ffl\beta \mathrm{E}l^{\vee}-T\neq\# T6$ .
H.W.Lenstra, Jr. [2] .
, $\deg f=1$ original Artin , C.Hooley[l]
Riemann (GRH ) counting func-
tion $\# N_{f}(x):=n\mathrm{H}\{p\in N_{f}|p\leq x\}$ , $X+$
$1,$ $X-k^{2}$ (-1, ) ( , Artin )
. , $\deg f>1$ ,
, List .
















$(B_{3,B})$ : $f(X)=X(X+a)^{2}-k(bX+c)^{2}$ with $[D_{f}]’=[k]’\neq 1$
$(B_{3,C})$ : $f(X)=(X+a)^{3}-b^{3}X$ with $[D_{f}]’=-3$
$(B_{3,D})$ : $f(X)=X^{3}-9k^{3}X^{2}-27k^{6}X-27k^{9}$
, $a,$ $b,$ $c,$ $k\in \mathbb{Z},$ $f(X)\in \mathrm{I}\mathrm{r}\mathrm{r}(\mathcal{O})$ , $D_{f}$ $f$ , $[m]’$ $m\in \mathbb{Z}$ square-
free part .
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1.2 Bounded Exceptional Condition
List $\Phi_{n}$ $n$ ,
$p$ $\mathrm{m}\mathrm{o}\mathrm{d} p$ $n$ ,
. , type
. .
Example 2) $f(X)=X^{2}-2\cdot 3^{15}\cdot 5^{9}\cdot 61\cdot X+3^{30}\cdot 5^{15}$ ,
$\bullet$ $f$ List $(B_{2,C})$-tyPe $(a, b)=(1,0)$ .
$\bullet$ $[Df]’=[2^{4}\cdot 3^{30}\cdot 5^{15}\cdot 11^{2}\cdot 31^{2}]’=5$ .
$\bullet p\in \mathrm{S}\mathrm{p}1(f)\Leftrightarrow p\equiv\pm 1(\mathrm{m}\mathrm{o}\mathrm{d} 5)$ .
$\bullet$ $\alpha:=(15\pm 3\sqrt{5})/2$ , $f$ $\mathbb{C}$ $\alpha^{15}\in \mathbb{Q}(\sqrt{\overline{0}})$ .
$\bullet$ $\sqrt{\alpha}\in \mathbb{Q}(\zeta_{15}+\zeta_{15}^{-1})$ , $p\equiv\pm 1(\mathrm{m}\mathrm{o}\mathrm{d} 15)$ , $\alpha$ $\mathrm{F}_{p}^{\mathrm{x}}$ .
, $p\in \mathrm{S}\mathrm{p}1(f)$ $\gamma:=\alpha^{15}\mathrm{m}\mathrm{o}\mathrm{d} p$ ,
$\{$
(i) $p\equiv 1$ $(\mathrm{m}\mathrm{o}\mathrm{d} 15)\Rightarrow$ $\gamma$ 30 .
(ii) $p\equiv 4$ $(\mathrm{m}\mathrm{o}\mathrm{d} 15)\Rightarrow$ $\gamma$ .
(iii) $p\equiv 11(\mathrm{m}\mathrm{o}\mathrm{d} 15)\Rightarrow$ $\gamma$ 5 .
(iv) $p\equiv 14(\mathrm{m}\mathrm{o}\mathrm{d} 15)\Rightarrow$
.
$\gamma$ .
, $\gamma$ . , $N_{f}$ .
Notation 2.
$r(a,p):=\{$
$[\mathrm{F}_{p}^{\mathrm{x}} : \langle a\mathrm{m}\mathrm{o}\mathrm{d} p\rangle]$ (if $a\neq \mathrm{O}$ in $\mathrm{F}_{p}$ )




, $r(a,p)=1\Leftrightarrow \mathrm{F}_{p}^{\mathrm{x}}=\langle a\mathrm{m}\mathrm{o}\mathrm{d} p\rangle\Leftrightarrow a\mathrm{m}\mathrm{o}\mathrm{d} p$ . , $r(-1, p)=$
[$\mathrm{F}_{p}^{\mathrm{x}}$ : $\langle$-l $\rangle$]=(p-1)/2, $\tilde{r}(a^{2},p)=2(p\parallel a,p\neq 2)$ .
$f(X)\in \mathrm{I}\mathrm{r}\mathrm{r}(\mathcal{O})$ , $\mathrm{S}\mathrm{p}1(f)$ $p_{f}$ , $\gamma_{1}$. $f(X)\mathrm{m}\mathrm{o}\mathrm{d} p_{f}$
$(1 \leq i\leq\deg f)$ . , $r(\gamma_{\dot{\iota}},p_{f})=\infty\Leftrightarrow p_{f}|$ ( $f$ ),
$r(\gamma_{\dot{l}},p_{f})=\infty$ $p_{f}$ . , $p_{f}$
$\tilde{r}(\gamma_{1}.,p_{f})$ $\{1\}\cup P$ . , $f$
.
$\# N_{f}<\mathit{0}\ovalbox{\tt\small REJECT}$ $\Leftrightarrow$ $\exists B\in \mathrm{N},$ $\mathrm{s}.\mathrm{t}$ . $\forall p_{f}\geq B,$ $\forall i,$ $\tilde{r}(\gamma_{\dot{l}},p_{f})\in P$ .
, Example 2 List
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, $\mathcal{L}$ $P$ ,




Definition. $f(X)\in \mathrm{I}\mathrm{r}\mathrm{r}(\mathcal{O})$ Bounded Exceptional Condition (BEC)
, $\mathrm{S}\mathrm{p}1(f)$ $p_{f}$ , { $\gamma_{i}$ $f(X)\mathrm{m}\mathrm{o}\mathrm{d} p_{f}$ $(1 \leq i\leq\deg f)$
, $f(X)$ .
$\exists B\in \mathrm{N},$ $\exists \mathcal{L}=\mathcal{L}(B):P$ , $\mathrm{s}.\mathrm{t}$ . $\forall p_{j}\geq B,$ $\forall i,\tilde{r}(\gamma_{i},p_{f})\in \mathcal{L}$ .
BEC Example 2 $\mathcal{L}$ {2, 3, 5}
. , $\Phi_{\mathrm{o}\mathrm{d}\mathrm{d}}(X)$ BEC , $\mathcal{L}$ {2}
. , List $B_{\mathrm{d}\mathrm{e}\mathrm{g},*}$ BEC
. , ( ) .
My Expectation. BEC . ,
{ } $=$ { } $\cup$ { $\mathrm{B}\mathrm{E}\mathrm{C}$ }.
$\ovalbox{\tt\small REJECT} 2$. $\mathrm{R}\mathrm{e}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{s}$
2 $X-m,$ $X^{2}-m$ , BEC
.
Theorem 1. $m\in \mathbb{Z},$ $k\in \mathrm{N},$ $f(X)\in \mathrm{I}\mathrm{r}\mathrm{r}(\mathcal{O})$ ,
(1) $f(X)=X-m$ BEC . $\Leftrightarrow m=k^{2}$
$(\underline{9})f(X)=X^{2}-m$ BEC . $\Leftrightarrow m=-4k^{4},$ $-27k^{6}$
(cf. [6]). (2) $X^{2}+4k^{4}$ List $(B_{2,A})$-type
$(a_{j}b)=(2k^{2}, \pm 2k)$ , $\mathcal{L}=\{2\}$ . , $X^{2}+27k^{6}$ List
$(B_{2,B})$ -type $(a, b)=(k, -k),$ $(k, 2k),$ $(2k, k)$ , $\mathcal{L}=\{2,3\}$
. , $f(X)=X-m,$ $X^{2}-m$ ,
“My Expectation” $\Rightarrow$ “ Artin ”
.
Hooley , $f(X)=X^{t}-m$
GRH ( , Kummer Dedekind $\zeta$
Riemann ) { counting function $\# N_{f}(x)$
, .
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Theorem 2. $f(X)=X^{t}-m\in \mathrm{I}\mathrm{r}\mathrm{r}(\mathcal{O})$ ,
(1) GRH , .
, $\tau=\mathrm{o}\mathrm{r}\mathrm{d}_{2}(t),$ $c\in \mathbb{Z}$ : square-free, $k\in \mathrm{N}$ , $c|t$ } $c$
.
i) $\tau=0$ , $X+1,$ $X^{t}-ck^{2}(c|t, c\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4))$
$\mathrm{i}\mathrm{i})\tau=1$ , $X^{2}+1,$ $X^{t}+4k^{4},$ $X^{t}-27c^{3}k^{6}(c|t, 3 \dagger c, c\equiv 3(\mathrm{m}\mathrm{o}\mathrm{d} 4))$
$\mathrm{i}\mathrm{i}\mathrm{i})\tau=2$ , $X^{4}+1,$ $X^{t}-27c^{3}k^{6}(c|t, 3 \dagger c, c\not\equiv 2(\mathrm{m}\mathrm{o}\mathrm{d} 4))$
$\mathrm{i}\mathrm{v})\tau\geq 3$ , $X^{2^{f}}+1,$ $X^{t}-27c^{3}k^{6}(c|t, 3 \dagger c)$
(2) , .
, $X^{t}-m$ List .
Example 3) 20 $X^{t}-m$ .
$\deg=1$ : $X+1,$ $X-k^{2}$
$\deg=2$ : $X^{2}+1,$ $X^{2}+4k^{4},$ $X^{2}+27k^{6}$
$\deg=3$ : $X^{3}-k^{2},$ $X^{3}+3k^{2}$
$\deg=4$ : $X^{4}+1,$ $X^{4}\pm 27k^{6}$
$\deg=5$ : $X^{5}-k^{2},$ $X^{5}-5k^{2}$
$\deg=6$ : $X^{6}+4k^{4},$ $X^{6}+27k^{6}$
$\deg=7$ : $X^{7}-k^{2},$ $X^{7}+7k^{2}$
$\deg=8$ : $X^{8}+1,$ $X^{8}\pm 27k^{6},$ $X^{8}\pm 216k^{6}$
$\deg=9$ : $X^{9}-k^{2},$ $X^{9}+3k^{2}$
$\deg=10$ : $X^{10}+4k^{4},$ $X^{10}+27k^{6},$ $X^{10}+3375k^{6}$
$\deg=11$ : $X^{11}-k^{2},$ $X^{11}+11k^{2}$
$\deg=12$ : $X^{12}-27k^{6},$ $X^{12}+27k^{6}$
$\deg=13$ : $X^{13}-k^{2},$ $X^{13}-13k^{2}$
$\deg=14$ : $X^{14}+4k^{4},$ $X^{14}+27k^{6},$ $X^{14}-9261k^{6}$
$\deg=15$ : $X^{15}-k^{2},$ $X^{15}+3k^{2},$ $X^{15}-5k^{2},$ $X^{15}+15k^{2}$
$\deg=16$ : $X^{16}+1,$ $X^{16}\pm 27k^{6},$ $X^{16}\pm 216k^{6}$
$\deg=17$ : $X^{17}-k^{2},$ $X^{17}-17k^{2}$
$\deg=18$ : $X^{18}+4k^{4},$ $X^{18}+27k^{6}$
$\deg=19$ : $X^{19}-k^{2},$ $X^{19}+19k^{2}$
$\deg=20$ : $X^{20}\pm 27k^{6},$ $X^{20}\pm 3375k^{6}$
List , Theorem 2
0 . ,
GRH $\Rightarrow$ “ Artin
GRH $\Rightarrow$ “My Expectation”
Theorem 2 .
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3. Outline of Proof Theorem 2
, Theorem 2(2)
. $p\in \mathrm{S}\mathrm{p}1(f)$ { $f$ $\mathrm{F}_{p}^{\mathrm{x}}$ $\gamma$ ,
.
$\bullet$ $X^{2^{\tau}}+1$ , , $\gamma$ $2^{\tau+1}$
$\gamma$ . $X^{2^{f}}+1$ .
$\bullet$ $X^{t}+4k^{4}$ { , $\gamma^{t}-4k^{4}\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} p)$ . ,
$\gamma\equiv(\frac{\gamma^{t/2}+2k^{2}}{2k})^{2}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$
, 2 $|r(\gamma, p)$ $\gamma$ . $X^{t}+4k^{4}$
.
$\bullet X^{t}-ck^{2}$ { $|_{\sqrt}\mathrm{a}$ ,
$\gamma\equiv c(\frac{k}{\gamma^{(t-1)/2}})^{2}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$
, $p\in \mathrm{S}\mathrm{p}1(f)\Rightarrow p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} t)$ , ( , $(_{*}^{*}-)$ )
$( \frac{c}{p})=(-1)^{(p-1)(c-1)/4}(\frac{p}{|c|})$
$=(-1)^{p-1}( \frac{1}{|c|})$ $[\cdot.\cdot c|t, c\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4)]$
$=1$
, $2|r(\gamma, p)$ $\gamma$ . $X^{t}-ck^{2}$
.
$\bullet$ $X^{t}-27c^{3}k^{6}$ ( $|_{/}\mathrm{a}$ , 3{ $t$ $t\equiv\pm 1(\mathrm{m}\mathrm{o}\mathrm{d} 3)$ ,
$\gamma\equiv(\frac{3ck^{2}}{\gamma^{(t\mp 1)/3}})^{\pm 3}$ $(\mathrm{m}\mathrm{o}\mathrm{d} p)$
$\vee C^{\backslash }\backslash \text{ }$ . $\text{ }^{\wedge}.,$ $(_{}^{--\mathrm{c}^{\backslash }}\backslash , (_{*}^{*}-)\#\mathrm{h}\backslash \mp\prime \text{ }\ovalbox{\tt\small REJECT}^{\mathrm{I}\rfloor\neq_{\backslash \mathrm{Q}}^{-}}\equiv \mathrm{a}_{\nabla)}^{\mathrm{f}\mathrm{D}}$
$p \in \mathrm{S}\mathrm{p}1(f)\Rightarrow p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} t)\wedge(\frac{3c}{p})=1$ $[\cdot.\cdot\tau\geq 1]$
$\Leftrightarrow p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} t)\wedge(\frac{3}{p})(-1)^{(p-1)(c-1)/4}(\frac{p}{|c|})=1$
$\Rightarrow p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 2^{\tau})\wedge(\frac{-3}{p})(-1)^{(p-1)(c-3)/4}=1$ $[\cdot.\cdot c|t]$
$\Rightarrow(\frac{-3}{p})=1$ [ $\cdot.\cdot\tau$ $c\mathrm{m}\mathrm{o}\mathrm{d} 4$ ]
$\Leftrightarrow p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 3)$
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, $3|r(\gamma,p)$ $\gamma$ . $X^{t}-27c^{3}k^{6}$
.
, $X^{2^{\tau}}+1$ BEC , $X^{t}+4k^{4},$ $X^{t}-ck^{2}$
[ $\mathcal{L}$ {2} , $X^{t}-27c^{3}k^{6}$ $\mathcal{L}$ {2, 3}
, BEC .
Theorem 2(1) (cf. [7]). ,
$f(X)=X^{t}-m\in \mathrm{I}\mathrm{r}\mathrm{r}(\mathcal{O})$ $m\neq\pm 1$ . Hooley
counting function $\# N_{f}(x)$ $\mathrm{A}\mathrm{a}$ , (
prime ideal .
$B(x, M):=\{\mathfrak{p}|p\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} M),\sqrt[c]{m}\mathfrak{l}\mathrm{h}\mathrm{m}\mathrm{o}\mathrm{d} \mathfrak{p}\text{ ^{}\backslash }\backslash \ovalbox{\tt\small REJECT}_{\backslash }\mathrm{f}_{\mathrm{B}}^{\mathrm{A}}\text{ }\mathfrak{p}1\mathrm{h}K\text{ }\mathrm{p}\mathrm{r}\mathrm{i}\mathrm{m}\mathrm{e}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{a}1,N_{K/\mathbb{Q}}(\mathfrak{p})=p\leq x,$
.
$\}$
, $t_{0}= \prod_{p|t}p$ (core of $t$ ) , \mbox{\boldmath $\zeta$}n 1 $n$ , $K=\mathbb{Q}(\sqrt[\ell]{m}, \zeta_{t_{0}}),$ $M\in \mathrm{N}$
.
, $\# B(x, M)$ :
Theorem (L.Murata(1977)). $k\in \mathrm{N}$ : square-free, t , $G_{k,hf}$ $:=$
$K(\zeta_{k},$ $\zeta_{M},$ $k\sqrt[t]{m}$ GRH ,
$\# B(x, M)=(\sum_{k=1}^{\infty}\frac{\mu(k)}{[G_{k,M}.K]}.)\cdot\pi(x)+O(\frac{x1\mathrm{o}\mathrm{g}1\mathrm{o}\mathrm{g}x}{1\mathrm{o}\mathrm{g}^{2}x})$
$\# N_{f}(x)$ 3 step .
Step 1. Estimate $\# N_{f}(x)$ by $\# B(x, t)$
Kummer , $\# N_{f}(x)$ $\# B(x, M)$
. ,
$\# N_{f}(x)=c_{0}\cdot\pi(x)+O(\frac{x1\mathrm{o}\mathrm{g}1\mathrm{o}\mathrm{g}x}{1\mathrm{o}\mathrm{g}^{2}x\backslash })$
, $c_{0}$ case , $M$
. proposition .
Proposition.
$\frac{1}{\varphi(t_{0})[K.\mathbb{Q}(\zeta_{t_{0}})]}.\# B(x, t)\leq\# Nf(x)\leq\frac{t_{0}}{\{\varphi(t_{0})\}^{2}[K\cdot \mathbb{Q}(\zeta_{t_{0}})]}.\# B(x, t)$
proposition . ,
c0=x\rightarrow $\frac{\# N_{f}(x)}{\pi(x)}=0\Leftrightarrow\lim_{xarrow\infty}\frac{\# B(x,t)}{\pi(x)}=0\Leftrightarrow \mathrm{G}\mathrm{R}\mathrm{H}\sum_{k=1}^{\infty}\frac{\mu(k)}{[G_{k,t}.K]}.=0$
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, $\lim_{xarrow\infty}(\# N_{f}(x)/\pi(x))=0$ $f$
$M=t$ .
Step 2. Calculation of $[G_{k,t} : K]$
$[G_{k,t} : K]=c(m, t, k)\cdot W$
$\sim-$ , $c(m, t, k)=2’ 1,2,$ $W= \frac{\varphi([t,k])k}{\varphi(t_{0})(h_{m},k)},$ $h_{m}= \max\{k\in \mathrm{N}|\sqrt[k]{m}\in \mathbb{Z}\}$
( , $m$ T $h_{m}$ ) . , $c$ $k$
.
Step 3. Euler product expansion of $\sum_{k=1}^{\infty}(\mu(k)/[G_{k,t} : K])$
$\sum_{k=1}^{\infty}$ $(\mu(k)/[G_{k,t} : K])$ 0 M\"obius
. , Euler
. Step 2 $c(m, t, k)$ ,
$\sum_{k=1}^{\infty}\frac{\mu(k)}{W}=\frac{\varphi(t_{0})}{\varphi(t)}p\{h_{m}\prod_{p|t}(1-\frac{1}{p})p|h_{m}\prod_{p\{t}(1-\frac{1}{p-1})$
$\prod_{p\{t,p\{h_{m}}(1-\frac{1}{p(p-1)})$
. $\sum_{k=1}^{\infty}$ $(\mu(k)/[G_{k,t} : K])$ $c(m, t, k)$ ,
Artin’s constant $C=0.37395\cdots$ $m$ $t$
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